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Abstract-- Relativistic-jet formation in
astrophysical black holes lacks a rigorously
understood mechanism of energy extraction in the
high-energy regime although, in recent years,
progress has been made in extending the nonlinear equations of Force-Free Electrodynamics
(FFE) into the high-spin regime. In particular, M. J.
Rodriguez and A. Strominger were able to show,
using the Near Horizon Extremal Kerr spacetime,
that the near horizon FFE solutions have an
additional scaling symmetry which allows the
construction of a pseudo-analytical infinite tower
of solutions. These families of solutions stand in
stark contrast to the relatively few full Kerr
solutions found analytically: this tension can only
be resolved by excluding, or extending, the infinite
towers of NHEK solutions under some physical
criteria.

I.

present around SMBH but they are commonly
found in wide surveys. Further, they emit
tremendous amounts of electromagnetic radiation,
making them prime candidates for observation
(indeed, M87 has an associated BHJ). Conjecturally,
both properties can be explained by some normal
matter interaction. Although there have been
models for BHJ energy extraction since the early
1970s, the current theory has strict limitations that
strictly their relevance to astrophysical BHJ
observations.

Introduction

Figure 1 Kerr Black Hole (found on pg. 210 of ref4)

Black holes are perhaps the most distinct
and enigmatic prediction of General Relativity.
Indeed, these exotic objects are classically expected
to exhibit a number of high-Gravity predictions of
GR, notably: frame-dragging, micro-lensing, and
perhaps most aweing, relativistic jets. With the first
imaging of M-871, the study of local black holes
dynamics is, excitedly, currently being
observationally constrained.

Black holes are most widely recognized by
existence of an event horizon, which is a closed
spacelike null-surface. This structure is their
namesake: no light-paths can continue from the
interior of the surface to the exterior and thus event
horizons do not radiate (Hawking Radiation aside).
Matter can only “fall” into the interior of a Black
Hole. Black holes are predicted to arise from the
collapse of massive stars, which carry angular
momentum, implying most black holes rotate; the
unique solution to Einstein’s equations with a
spinning black hole is described by the Kerr metric
(Kerr,19633). The Kerr geometry exhibits a structure
just exterior to the event horizon, the Ergosphere,

Black hole Jets (BHJ) are extremely
energetic (and often galactic sized) collimated
ejections of ionized matter observationally
associated with supermassive galactic-central black
holes (SMBH) candidates. BHJ are not always

a.chanson@aggiemail.usu.edu
I would like to thank Dr. M. J. Rodriguez for her exemplary mentorship, as well as the USU Physics Department
and the Utah NASA Space Grant Consortium for their support this year.

1
2

1

which is bounded by a surface of infinite red-shift (a
time-like Killing Horizon). On this surface objects
apparently stationary to the event horizon are
infinitely red- shifted and, as such, asymptotic
observers see matter within the Ergosphere
dragged by the Black hole. Still, matter is free to
enter/exit the Ergosphere: this provides a clear
conceptual method of mass-energy extraction
(known as the Penrose Process4) and strong
circumstantial evidence that the Ergosphere plays a
fundamental role in relativistic-jet formation.

Indeed, in the referenced paper8, the
authors combined these distinct local symmetries to
index the infinite tower solutions by the radial and
polar (poloidal) asymptotic form of their azimuthal
vector potential, 𝐴𝐴𝜑𝜑 = 𝑟𝑟 ℎ 𝜙𝜙(𝛳𝛳). The authors
explored two solution classes, h=1 and h=0 (the log
ansatz, here: 𝐴𝐴𝜑𝜑 = log�𝑟𝑟𝑟𝑟(𝛳𝛳)� /𝜔𝜔0), applied across
several Kerr (including BTZ) spacetimes and
showed, in each relevant case, that the resulting
solution class admits Poynting fluxes analogous to
astronomically observed jets when viewed by an
asymptotic laboratory. The asymptotic scaling
exponent, h, is essentially unrestricted a priori, and
so the h=1,0 cases represent almost none of the
possible asymptotic h-couplings; because of the
non-linear nature of the stream equations, a direct
survey (and subsequent analysis) of h-indexed
solutions is necessary to generate a physicalsolution tree from this model.
Importantly, any useful automated search
for physical solutions will also encode the metricgeometry to extract the solutions’ induced energy
conditions (and check for physicality); more useful
still, the CAS survey should be able to handle
different axisymmetric geometries in parallel to
directly compare h-indexes across applicable
spacetimes. To that end our work this year has
focused on fully understanding the theoretical
underpinnings of the NHEK-FFE model (as
presented in Callebaut8 while simultaneously
building a Mathematica file encapsulating the
NHEK-FFE geometry and able to generate some hindexed class of scaling solutions.

The watershed model for relativistic jet
formation was put forward by Blandford and Znajek
in 19775. In the BZ mechanism, an electrically
neutral, central (Schwarzschild) black hole
surrounded by a neutral plasma of
electron/positron pair-cascades is shown to be a
consistent and stationary configuration; further, BZ
showed that the plasma-density gradient of this
configuration generated a large-scale, force-free
magnetic field. Perturbatively extending their
analysis to a rotating frame, BZ were even able to
describe a mechanism of energy extraction from
this electron/positron plasma: the rotating
electromagnetic field lines cause charged particles
to spiral along the field lines, moving inwards to the
black hole until either passing through the event
horizon or being ejected about the axisymmetric
axis at high energies. This process seems exactly
akin to our intuition about black hole jet structures,
and the BZ model has proven useful since its
inception.
Unfortunately, the BZ model is perturbative
in spin; as such, it is concertedly not adaptable to
high-spin systems. Critically, the BZ model itself
predicts positive correlation between the mean
power extracted and the angular-momentum of the
black hole; therefore, the model has low
convergence in the most readily observable
(highest-energy) systems. Dr. M. J. Rodriguez has
contributed considerable extensions to models of
BHJ in several collaborations6,7,8,9; of interest here is
her work exploit the near-horizon symmetries of
high spin SMBH, known as the near-horizon
extremal Kerr (NHEK) geometry, to arrive at a highspin class of solutions8.

II.
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Theory

Outside of ongoing galactic collisions, any
single supermassive blackhole will be the absolutely
dominate mass-density in its neighborhood; thus,
we can safely consider the spacetime geometry as
fixed. Here we will consider regions of AdS- and flat, 1+3-spacetimes with a fixed metric describing a
generic stationary, axisymmetric black hole. We will
use a coordinate ordering, (𝑡𝑡, 𝜙𝜙, 𝑟𝑟, 𝜃𝜃), such that the
metric is block-diagonal,

where 𝑎𝑎, 𝑏𝑏 ∈ {𝑟𝑟, 𝜃𝜃}. Coordinates (𝑡𝑡, 𝜙𝜙) are referred
to as the toroidal coordinates (denoted with Greek
indices), and (𝑟𝑟, 𝜃𝜃) as the poloidal coordinates
(Latin indices). We note that the metric is toroidal
invariant.
Normal matter interactions, in a fixed
metric, are completely dominated at distance by
the electromagnetic tensor-density 𝐹𝐹𝜇𝜇𝜇𝜇 and the
spacetime metric, 𝑔𝑔𝜇𝜇𝜇𝜇 . Black hole jets are quasistationary on galactic time scales and so, even
though ultra-large black holes may have radii on the
order of lightdays, we can safely regard their
electromagnetic energy extraction as a steadystate, neutral-plasma (see5, section 2)
phenomenon. Under these quasi-stationary
conditions, the accretion material must have a
negligent mass-stress energy tensor:

Under the global torodal symmetry current, the
continuity equation becomes:

The block-diagonal matrix induces cannonical, 2D
Levi-Civita symbols. By the Poincare Lemma, this
faithful 2D representation implies, for some 0-form:

Physically, we can interpret the function i as a
current torodial flux-density:

This, in turn, requires that the accretion disk must
have a locally vanishing Lorentz-Force density;
equivalently, electromagnetic field must satisfy the
force-free condition5,8:

Indeed, if we define i as the toroidal volume density
of some current I , then:

Under these Force Free Electrodynamic (FFE)
conditions, in a fixed metric, the long-range fields
are governed by the Einstein-Maxwell action:

Simultaneously, the inhomogeneous Maxwell’s
equations imply:

Which give rise to Maxwell’s equations in curved
spacetime:

By comparing to the cannonical 0-form i result, we
can immediately conclude that:

,

It is cannonical to impose the metric
symmetries as global symmetries of the gauge field:
as such, A can be assumed torodially invariant.
Equivalently, the differential operator d can be
considered implicitly projected:

We can do a similar T/P decomposition to
the gauge field and the Maxwell tensor:
3

available6,7,8,9 that allow semi-analytic solution
towers to be extracted. The technique we utilize
here exploits our coordinate freedom and the
closed nature of the null surface to impose a scaling
symmetry in the near-horizon of extremal Kerr
black holes (NHEK geometry) that can be faithfully
inverted. A detailed derivation of the NHEK
geometries can be found in the reference (Appendix
A8); there, the various NHEK metrics are well
defined by:

In particular, since

and torodial invariance together imply
,
under linearity of the wedge-product the torodal
component of the FFE condition becomes:

Comparing to the generic toodially invariant metric
introduced above:

Using these relations, the stream equation is
reduced to:
Exploiting the block-diagonal metric, we can
immediately deduce8:
The NHEK geometries exhibit a scale
invariance under r→λr and t→t/λ (see reference8,
Appendix A); the fixed metric (and dominate SMBHgeometry condition) guarantees that, in these
coordinates, the Maxwell tensor is also scale
invariant. Thus, we look for solutions with a t/r
scaling symmetry:

and

Combining all of the above, we find a reduced
form for the field strength8:

The reduced form of the Maxwell tensor leads to
the effective 2D action for the remaining gauge
field:

Comparing to the Maxwell tensor in these
coordinates,

Variation of this action leads to the stream
equation:

we can use linearity and the scaling condition
(noticing φ is co-rotating in NHEK and thus
stationary under the scale reparameterization8) to
read off:

Remembering that ω, I are both functions
of Aφ, these conditions are sufficient to detemine
that, for h≠0:

In general, the Aφ stream equation is a highly nonlinear 2D EOM; still, there are maneuvers
4

maximal in spin. With the inferred correlation
between spin and the current (conceptually through
a BZ process), illustrated under a cylindrical model
in Callebaut), these h-towers of solutions represent
some high-energy envelope to the non-extremal
(physical) solutions.

A similar set of conditions can be found for the h=0
case, referred to as the ‘log ansatz’. This asymptotic
scale coupling effectively reduces the 2D stream
equation to an h-indexed family 1D polar equations.
By making the scaling identifications in the stream
equation, it can be shown that:

The h-indexed family of solutions is known as the
tower of solutions. In general, these solutions must
be found by numerical methods.

III.

Figure 2 As found in Section 6 in the reference8: "Polar vector
plots of the (ZAMO) Poynting flux stream lines for the NHEK,
AdS-NHEK and SE-NHEK solution, in the (r, θ) plane of the near
horizon geometry. The flux changes sign at the critical angle θC
(blue dashed lines). The density plot shows the magnitude of the
radial Poynting flux ranging from negative (purple) over zero
(yellow) to positive (red). Along the flux lines, the angular
velocity ωF is constant (white solid lines) in agreement with the
conducting cylinder toy model.”

Numerical Methods

The particular coordinate-functions (see section
3 ) can be expoited to further reduce the equation.
The near-horizon Kerr geometry (NHEK) has the
nice property that α(θ)2=1, k=1, leading to the
‘NHEK scaling EOM’:
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Under the Classical formulation of the 1st
and 3rd Laws of Thermodynamics10 every physical
quasi-static SMBH must have some definite, strictly
limiting extremal state, with reasoning directly
analogous to the Zero-Temperature limit in
Thermodynamics. This seems to clash with the a
priori infinite h-towers of solutions found in the
NHEK geometries: in order to satisfy the No-Hair
conjecture (1st Law) there must be some clear
uniqueness criteria to differentiate amongtst the htowers. It is currently unclear what conditions on
some generic physical SMBH contribute to it’s
extremal-solution envelope, h(M, a), and vice-versa.
Indeed, a clearer picture of the h-towers,
particularly a direct comparison of AdS- and Kerrgeometries, filtered by physical considerations,
could lend insight into resolving this tension.

A similar equation can be found the in h=0 case,
known as the ‘NHEK log EOM’. Further, the nearhorizon geometries are not limited to
asymptotically flat-spacetimes and AdS-NHEK
geometries can be included in this transformation.
As noted throughout the literature7, boundaryenergy extraction models in AdS may have
interesting interpretations under the AdS/CFT, and
provide a further interesting extension of this
asymptotic symmetry coupling. Of particular
interest are the NHEK, AdS-NHEK, and SuperEntropic AdS-NHEK (SE-NHEK).
In the reference8, the authors numerically
analyze the h=1 and log scaling forms to describe
energy extraction in the geometries mentioned, as
shown in Figure 2. Notably, the energy extraction is
confined to within a critical polar angle, θC , which
indeed apears concretely analogous to BHJ
processes (section 6 for a concrete overview). These
solutions are not spin-perturbative and, are indeed,

IV.

Current Status

Solving the NHEK ansatzs is computationally
quick though a number of numerical methods;
because shooting schemes will allow a slightly
quicker survery rate, ultimately that will be our
algorithmic choice. Although solving the stream
equation is relatively straightforward using non5

linear methods, problematically there is a rich
NHEK-geometric complexity to calculating the
stress-energy tensor. Thus, to build an automated
physicality-razor, we need a CAS with a fluid
differential geometry package.

prove fruitful in understanding any complicated,
emergent tree structures.

To that end, in addtion to comprehending
the literature, not-insignificant effort was put into
gaining a (relatively) fluid knowledge of
Mathematica and the diffgeo.wl package. After a
programming/FFE boot-camp, I was able help the
USU Gravitation Group write a Mathematica file
which utilizes the .diffgeo package11 to build the
FFE-NHEK stream ansatz in the relevant geometries.
We also used the file to directly verify Einstein’s
Equations in the NHEK geometry, which could serve
as an interesting metric-razor in some further
generalized search of SMBH-BHJ asymptoticcouplings.

1)
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VI.
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